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We investigate the role of the diffuse layer of the ionic cloud on impedance spectroscopy
measurements. The analysis is performed assuming that the ions have equal mobility, the
electrodes are perfectly blocking and adsorption phenomenon can be neglected. We find that
the dielectric permittivitg, in the limit of high frequency w, tends to the dielectric permittivity
of the pure liquid as ™. The relationship between the detected equivalent permittivity and
conductivity of the cell with the real and imaginary part of the complex dielectric constant is
discussed. We show also that the presence of the ions is responsible for a distribution of
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relaxation times. An application to nematic liquid crystals is presented.

1. Introduction

The impedance spectroscopy technique is used to
characterize liquids electrically [1]. In this technique a
condenser having the shape of a slab is filled with the
material to be investigated. The condenser is then
submitted to an a.c. voltage, and the impedance of the
sample is measured as a function of the frequency of the
applied voltage. The analysis is performed in the limit of
small amplitude of the applied voltage, in such a
manner that the response of the sample to the external
signal is linear. The meaning of small voltage is that the
applied voltage is small with respect to the thermal
voltage Vt=kT/q, where kT is the thermal energy and ¢
the electric charge of the ion. In the limit of low
frequency of the signal, the ions present in the liquid
contribute to the electrical current, and so to the
detected impedance. Several models have been proposed
to take into account the effect of the ions on the electric
response of a liquid [2]. In this paper we present a simple
model to describe the influence of the ions on the
impedance spectra. We assume that the ions, mono-
valent of charge ¢, are dimensionless and dispersed in a
homogeneous medium of dielectric constant ¢ and have
the same mobility, and that they are not adsorbed by
the electrodes. According to this last hypothesis, the (-
potential vanishes, and the analysis of the impedance
spectroscopy is greatly simplified [3, 4]. The electrodes
are supposed perfectly blocking, in such a manner that

*Corresponding author. Email: giovanni.barbero@polito.it

there is no charge injection into the liquid. First we find
the distribution of ions, when the external voltage
depends sinusoidally on the time. The ionic contribu-
tion to the current in the external circuit is then
evaluated; finally, the equivalent impedance of the cell
is deduced. Our paper is organized as follows. The
physical system and basic hypotheses are presented in
§2; the fundamental equations of the problem are
discussed in § 3; the distribution of the ionic charge and
the potential across the sample are reported in §4. The
impedance of the cell is evaluated in § 5, where we also
present the frequency dependence of the equivalent
resistance and equivalent admittance of the sample. In
this section are also presented the frequency dependence
of the equivalent electrical conductivity and of the
equivalent dielectric constant of the cell filled with the
liquid under investigation. The relationship between
the equivalent conductivity and of the equivalent
dielectric permittivity with the imaginary and real parts
of the complex dielectric constant is discussed in §6; §7
is devoted to the conclusion.

2. The physical system and basic hypotheses

Let us consider a slab of thickness d filled with an
isotropic liquid. The z-axis of the cartesian reference
frame used in the description is normal to the bounding
surfaces at z= +d/2. We assume that in thermodyna-
mical equilibrium the liquid contains a density N of ions
of positive and negative sign, uniformly distributed. The
ions are assumed to be identical in all respects, except
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for the sign of the electrical charge. In particular they
have the same mobility p,=u_=pu. In this situation, in
the absence of selective adsorption, the liquid is globally
and locally neutral. The presence of an external electric
voltage produces a perturbation of the distribution of
the ions in the liquid, in the sense that it remains
globally neutral, but it is now locally charged. In the
following we suppose the sample to be submitted to an
external sinusoidal voltage of amplitude ¥V, and
frequency f=w/(2m). By indicating with n, and n_ the
density of the two kinds of ions we have n,(z, t)=n_(z,
t)=N, for Vy=0, and n.(z, ©)#n_(z, 1), for V,7#0. The
conservation of the number of particles implies that

d/2 /2
J ny(z, t)dz= J n_(z,t)dz=N d (1)
—d)2 —df2

under the assumption that there is no recombination
and the electrodes are perfectly blocking, as we suppose
in our analysis. We assume that the amplitude of the
external voltage V is such that the actual densities of
ions differ only slightly from N. By putting

ny =N+0ny(z,t) (2)

the previous hypothesis implies that dn(z, f)<N. We
suppose furthermore that V(+d/2, t)= +(Vy/2) exp (iwt).
In this case, since u,=u_=yu, we have n.(z, t)=n_(—z,
t). Equation (1), taking into account equation (2),
implies that

)2 /2
J S (2, £)dz= J sn_(z, )dz=0  (3)
—d)2 —d)2

thus stating the global neutrality.

3. Fundamental equations of the problem

The fundamental equations of the problem are [5] the
equation of continuity

s Y

I @
and the Poisson equation
a4 q
a2 = e —n-) (5)

where ¢ is the electrical charge of the ions, and j the
density of currents of positive and negative ions given
by

. on q or
=—Dl—+—ny—|.
J+ (62 S 62) (6)

In equation (6) the first term in the r.h.s. is the diffusion
current, while the second is the drift current. In

equation (6) we have used the Einstein—Smolukowsky
relation relating the mobility p to the diffusion
coefficient D, u/D=q/(kT) where k is the Boltzmann
constant and 7 the absolute temperature [6]. Since the
electrodes are supposed perfectly blocking we have the
following boundary conditions on j

J+(£d/2, )=0. (7)

The others boundary conditions of the problem are
connected with the imposed difference of potential
V(+di2, t)= £+ (Vo/2) exp (iw?). To find the influence of
the diffuse layers of ions on the impedance spectroscopy
we have to evaluate first the total current in the external
circuit, taking into account the presence of the ions.
After that it is necessary to evaluate the electrical
impedance of the cell under investigation.

4. Solution of the problem

From Equation (6), by taking into account that dn(z,
1)< N, we get

. o(dny)  NqdV
]+——D{ - TiTo- (8)

Substituting equation (8) into (4) we obtain

o) :D{a%&m Nqazv}_

ot 0z2  — kT 022 ®)
Furthermore, by substituting equation(2) in (5) we
have
%V q
—=—= —on_). 1
=~ Ln —on ) (10)
Equations (9) and (10) show that if V(+df2, t)=

+(Vo/2)exp (im?), in the steady state on.(z, 1)=n4(z)
exp (iwt) and Wz, 1)=¢(z) exp (iwt), where, in particular

¢(+d/2)=+V,/2 (11)

for the boundary conditions imposed on the applied
potential. It follows that in the steady state equation (10)
can be rewritten as

¢"(2)=—(q/e)[ny (z) —n_(2)] (12)

where the prime means derivative with respect to the
z-coordinate.

The functions 7, (z) are solutions of the differential
equations

n— (14222 L=
W)= (1 2F 2 )na () 30 () =0 (13)

obtained by equation (9), where 1= [ek T/ (Zqu)]% is the
Debye length [7]. From the condition n,(z)=n_(—zt),
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related to the hypothesis that the positive and negative
ions have the same mobility, taking into account (2)
it follows that n.(z)=1#_(—z). The solutions of
equation (13) satisfying this symmetry condition
are

14 (z) =mq cosh(az) £ pg sinh (fz) (14)
where
2_. 0 21 LW
o =iy, and f =7 (1+1DA ) (15)

From the definition of f* it follows that for w<«w,=
DIJ2, its real part is large with respect to its imaginary
part. Vice versa for o> w,. It follows that for w~w,
we expect a change in the frequency behaviour of the
system.

The conservation of the number of particles is
contained in equation(3), which can be rewritten in
the form

d/2
J Ny (z)dz=0. (16)
—d)/2

Condition (16), taking into account (14) implies n1y=0.
Hence #4(z)= + po sinh (fz), where p, is an integration
constant to be determined by means of the boundary
conditions (7) and (11).

The profile of the electric potential is given by
equation (12), which in the case under consideration
reads

¢"(2)=—2(q/e)po sinh (pz) (17)

from which, by taking into account that in our
framework ¢(z)=—¢(—z), we get

¢(z)=—2(q/ep*)po sinh(Bz) +cz. (18)
The integration constant ¢ is determined by the
boundary conditions (7) and (11).

The current densities are, according to equation (8),
given by

Jjr=—D[ry £ (gN/kT)§ (z)]exp(iwr)  (19)

which for the results reported above can be rewritten in
the form

j+ = F D[i(w/Dp)pycosh(fiz) + (Ng/kT)clexp(iwt). (20)

By means of equations(18) and (20) the boundary
conditions of the problem become

—2(q/ep*)posinh(Bd/2)+cd /2= V2

e1)
i(w/DB)pocosh(pd/2)+ (Ng/kT)c=0.

By solving equation (21) with respect to pg and ¢ we get
_ Nap ! v
2KT (1//2)sinh(Bd/2)+i(wd /2D)cosh(pd /2) 202
o cosh(fd/2) (
2D (1/2p)sinh(Bd/2) +i(wd/2D)cosh(Bd /2)

The electrical problem is then solved.

Po=

)

c

V.

5. Impedance of the cell

We can now evaluate the charge sent by the power
supply on the electrodes. Since V(z, 1)=¢(z) exp (iwt) the
electric field is
oV .

Ez0)=— o =—¢(explion)  (23)
From the theorem of Coulomb E(d2, t)=-—2(t)le,
where X is the surface charge density on the electrode
at z=d/2. Consequently, XZ(f)=¢¢’(d/2) exp (iwt), and for
the discussion reported above,

cosh(pd/2)

(1/72)sinh(Bd/2) +i(wd /2D)cosh(d /2) Vo exp(ior). (24)

X(1)= %8/32

The current I=SdX/d¢, where S is the surface area of the
electrodes, is then

cosh(fd/2)
(1/22B)sinh(Bd/2) +i(wd /2D)cosh(Bd /2)

I= S%sﬁz V. (25)

The impedance of the cell defined by Z=V/I is found
to be

2 1 wd
Z=—1——-—< ——tanh(fd/2)+i=——. 26
s {2 +i55) 29
If a true dielectric is considered, N=0, and hence A—.
In this case equation (26) gives

1

2= ST (27)

as expected.
From equation(26) one can obtain R=%RZ and

X =S Z, which are the quantities experimentally detect-
able. The phenomenological parameters characterizing
the physical properties of the cell are the equivalent
conductivity g.q, and the equivalent dielectric constant
£oq> defined by

1 d

and Eeq = — ag . (28)

1d
Oeq= ——
€q RS’
Before entering into a detailed analysis of the
impedance of the cell given by equation(26) we
consider the special cases of w—0 and w—x,
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limiting our investigations to the case in which
J«d'. In the first case, from (26) we obtain
Z(w—>0)=R(w—0)+iX(w—0), where

2 2d
X =2 1+ —=w? .
(@=0) weS < tapr® )
From equation (29), taking into account (28), we get for
Oeq(@—0) and eq(w—0) the expressions

D 2
Oeq(w—0)= i—z <1 + ﬁaﬂ)

1 d A3d
8eq(a)—>0) = ES—}L (1 — ﬂw2> .

In particular, in the d.c. limit, aeq(O)ZsDMZZZNq,u, as
expected because we have two identical carriers of
charge [8]. Furthermore, &.q(0)=(1/2)&(d//), since in this
limit the equivalent capacity of the cell is the one of two
equal condensers of thickness 4 in series. Note that
0eq(0) is d-independent, whereas .4(0) is proportional to
d[9].

In the limit of high frequency (w—») from equa-
tion (26) we obtain Z(w—o)=R(w—00)+iX(w—w0),

(30)

where
1
Dd 1 /2D\?
=" |1—=(==
] (31)
d D [2D\:?
Xw-s0)=——|1———(— ] |.
(=) weS izda)<w>

In this case g.q(w—) and e.q(w—) are found to be
L L2 :
d\ o
D (2D\?
1+ — —1 1.
Ado \ ©

From equation(32) it follows that for w-—>%, the
equivalent conductivity is aeq=(8/12/D)a)2=aeq(0)(/12w/
D)*. The equivalent capacitance of the cell at high
frequency is Ceq=tcq(S/d), showing that lim,, ,c.ceq=¢,
as expected because in this limit the ions give no

/12
Oeq(w—00) = %wz

(32)

teq(—o0)=¢

T1In this case u=d/A> 1. Consequently tanh u~1 and
cosh u~sinh u~e"/2.

contribution to the electrical response of the cell. The
leading terms for geq(w—) and g (w—>) are inde-
pendent of the thickness of the cell. We note, finally,
that in this limit g.q(w—%) tends to & as w2, as has
been experimentally observed [10].

We can now investigate the frequency dependence of
the real and imaginary parts of the impedance of the
cell. In order to obtain an explicit expression for R
and X we write I,8=,8r+iﬂi. Simple calculations givle
=1/ DM +1)/2] and Bi=Q/A)[(M—=1)/2],
where M= [1 + (02 /D)z]z. By using the definition
of w=DI}? ilntroduced previously, we have
M= [l—i—(w/w,)z]z. We now put A=tanh(f,d/2),
B=tan (Bid/2) and m=A(1+B*/[1+(4B)?], n=B(1—A4%)/
[1+(AB)?]. With these positions the explicit expression
for the real and imaginary parts of the impedance of the
cell are found to be

272 np.—mp;,  wd\ wl>mp,+np,
e | (7 ) et

M 2D) D M
(33)
22 [mp,+np; @i (np.—mpP; wd
T weM?S M D( M 21)) '

For o« w,, M—1, and for w>w,, M—(w/w,). Hence a
change in the frequency dependence of R and X is expected
for o~wy.

We suppose that the cell is a slab of thickness
dy=25um or d,=50pum, filled with the nematic liquid
crystal 5CB (4-cyano-4'-n-pentylbiphenyl), planarly
oriented by the surface treatment, as considered by
Murakami et al. [9]. Since the applied voltage is very
small with respect to the threshold voltage for the
Freedericksz transition, there is no reorientation of the
nematic liquid crystal induced by the external voltage.
In this case e¢=¢, =6.7¢;, where gy is the dielectric
permittivity of free space. We assume furthermore that
the density of ions is N~42x10"m™> and
D~82x10"2m™%s [11, 12]. By using these values we
get 2~10""m and w,~740rads”".

In figure 1 we show R(w). It tends to a constant
value for »—0, and to zero for w—; and presents a
large plateau until w~w,. In figure 2 X(w) is reported.
It tends to —o for w—0, and to 0, from the negative
side, for »—. In between it has first a maximum and
then a minimum for w~w,. The equivalent conductivity
of the cell .q(w) is shown in figure 3. As discussed
above, lim,, Geq(@)=eD/?, and oey(w—>%)=(e1*/ D)’
From figure 3 it follows that o is practically indepen-
dent of the thickness of the sample. Finally, in figure 4
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RM£)

2
Log @

Figure 1. Real part of the impedance of the cell R vs. w, in
semi-logaritmic scale. Dotted line ¢;=25pum, full line

X (M)

Log w

Figure2. Imaginary part of the impedance of the cell X’ vs.
, in semi-logaritmic scale. Dotted line d;=25um, full line
d2:50 um.

we report gq(w). In this case lim,, . oe(w)=¢(d/24), and
lim(uﬁogeq(w) =é.

6. Real and imaginary parts of the dielectric constant

In the previous sections we have investigated the
influence of ions on the dielectric spectroscopy of a
nematic cell. According to our scheme this influence is
described by the equivalent conductivity oy and
equivalent dielectric permittivity e, of the cell.
Usually, the dielectric properties of a cell are described
by introducing a complex dielectric constant e=¢'—i€".
The real part €' is connected with the usual dielectric
properties of the medium, whereas the imaginary part €”
is related to the relative dielectric loss factor. The

4

34
)
> Ll
S
b 11

0 T T T

0 1 2 3 4

Log w

Figure3. Equivalent conductivity of the cell goq vs. o, in
semi-logaritmic scale. Dotted line d;=25um, full line
d,=50pum. Note that o.q is practically independent of the
thickness of the sample.

1500 1

1200 4

9001

€oq/ €,

600 4

300+

0 1 2 3 4
Log w

Figure4. Equivalent relative dielectric permittivity of the cell
£eq VS. m, in semi-logaritmic scale. Dotted line d;=25um, full
line d,=50 um.

relationship between o, &.q and €', € can be easily
determined. If the dielectric permittivity is a complex
quantity, the impedance of the cell is

1 d

Z=—i— =
1co(e’ —ie") S

(34)

From equation (34) it follows that the real, R, and
imaginary, X, parts of the impedance Z are

e’ d
R= 60(6/2 + e//2) S

E/

d
A= 0)(€/2 + e//2) S’
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From equations (35) and (28) we get

e/2 + e//2
T =0
5 , (36)
€+
Gog = —————.
q E/

Consequently ¢’ and &” can be expressed in terms of g¢q
and &4 as follows

E/_ feq
B 2(, 2
I+ (eeq / 0eq)
(37)
e//_ w(SeQ/JeQ) P
=" g
I+ (2eq /0eq)

Equations (37) are similar to Debye equations for
relaxation phenomena in dielectrics [13]. In the present
case the relaxation time is given by 1=¢g.q/0¢q. In our
CASE Teq=0cq(w) and geq=¢cq(®), due to the presence of
the ions. It follows that when ions are present, they give
rise to a distribution of relaxation times.

By means of equations(37) and (30) we get in the
limit of w—0, when d> A,

I T o 2
€—28)L <1 5 CO)

1 &> 1d*)?
€= 285w<1 — ZD—§w2>

The relationship for €”, in the limit of w—0, shows that
in the low frequency region €” presents a maximum for
wm~DI(Ad). Furthermore, in the d.c. limit, the relaxa-
tion time tends to 7(0)=dA/(2D).

In the opposite limit of high frequency (w—), from
equations (36) and (32), by again assuming d> 1, we

(38)

obtain
) D [2D\’
e€=¢|l+ W Z
D
n
= e.
w)?
In this limit the relaxation time tends to zero as t=D/
(0*72).

In figure 5 the dependence of log(e"/ep) on logw is
shown. Again we note that €” is independent of the
thickness of the sample, as o.q. In figure 6 we show
log(e'/eg) vs. logw, which has the usual trend. In
figure 7 we compare log (€'/eg) with log (€"/eg) vs. log w.
Finally, in figure 8 the frequency dependence of the
relaxation time of ionic origin is shown.

)

Log(€ /€

0 1 2 3 4
Log w

Figure5. Imaginary part of the relative complex dielectric
permittivity of the cell &'/ vs. w. Dotted line d;=25um, full
line d,=50 pm.

0 1 2
Log @

w-
N

Figure6. Real part of the relative complex dielectric
permittivity of the cell ¢'/eq vs. w. Dotted line ;=25 pum, full
line d>=50 um.

7. Conclusion

We have analysed the influence of the diffuse layer of
charge of ionic origin on the impedance spectroscopy of
a cell. In this study we have assumed that the electrodes
are ideally polarizable, so that neither charge transfer,
nor adsorption takes place. We have determined the
density profiles of positive and negative ions across
the sample, the current in the external circuit, and the
impedance of the cell. The equivalent conductivity oeq
and dielectric constant &,q of the sample have been
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0 1 2 3 4
Log @

Figure7. Real, ¢/, and imaginary, &"/¢y, part of the relative
complex dielectric permittivity of the cell relevant to d=25 um.

0,4

0,34

0,24

T )

0,14

0,0

0 1 2 3 4
Log w

Figure8. Relaxation time 7 vs. w, in semi-logaritmic scale.
Dotted line d;=25pum, full line d,=50 pm.

obtained from the impedance of the system, and their
frequency dependence investigated. In particular we
have analysed the limits of w—0 and w—. In the first
case Goq—>eD/)? and e.—>e(dl2), whereas in the other
limit goq—>(e4%/D)w” and eq—¢ with o~ 2. We have
also evaluated the real €’ and imaginary €” parts of the
complex dielectric constant €. According to our model,
the presence of ions is responsible for a distribution of
relaxation times, ranging from dA/(2D) for w—0, to
zero for w—o. Finally, we have shown that in
the low frequency region € has a non-monotonic
behaviour.
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